THE EXCEPTIONAL SET AND THE GREEN-GRIFFITHS 
LOCUS DO NOT ALWAYS COINCIDE 



SIMONE DIVERIO AND ERWAN ROUSSEAU 



Abstract. Wc give a very simple criterion in order to ensure that the Green- 
Griffiths locus of a projective manifold is the whole manifold. Next, wc exhibit 
in all dimensions a projective hyperbolic manifold of general type, which sat- 
isfies such a criterion. In particular, this gives some precisions to an example 
given by M. Green to S. Lang. 



1. INTRODUCTION 

Let X be a complex projective manifold, V C Tx a rank r holomorphic subbun- 
dle, and call 

the holomorphic vector bundle of jet differentials of order k and weighted degree 
m acting on germs of holomorphic curves tangent to V . For definitions and basic 
properties of these bundles we refer to |GG80| and [Dem97j . Jet differentials are 
particularly useful in connection to hyperbolicity-related problems thanks to the 
following. 

Theorem 1.1 (Green-GrifRths |GG80| . Siu-Yeung pY97] . Demailly jDem97p . Let 

(X, V) be a directed projective manifold and A ^ X an ample line bundle. Then, for 
any entire curve f : C ^ {X,V) tangent to V and any P G H°{X, E^'^V* (gi A''^), 
onehasP{rj",...J^''y) = 0. 

Now, fix an ample line bundle A X. Define GGa{X, V) to be the set of points 
X G X such that for all integers k > there exists a k-jet of holomorphic curve 
(fik ■ (C, 0) — > {X, x) tangent to V with the property that for all integers m > 0, 
every global jet differential of order k and weighted degree m with values in A^^ 
vanishes whenever evaluated on ipk{0). Thus, if / : C — ^ X is an entire curve tangent 
to V, Theorem [TT] tells us immediately that /(C) C GGa{X,V). We shall sec in 
the next section that the locus GGa {X, V) is indeed independent of the particular 
ample line bundle chosen. 

Definition 1.2. Let X be a projective manifold and V C Tx a holomorphic 
subbundle. The exceptional set Exc(X, V) of {X, V) is defined to be the Zariski 
closure of the union of all the images of entire curves traced in X and tangent to 
V. The Green- Griffiths locus GG(X, of{X,V) is defined as 

GG{X,V) = GGa{X, V), 

for some (and hence any) ample line bundle A ^ X. 

In the absolute case V = Tx, we shall simply call Exc(X, Tx) — Exc(X) and 
GG{X,Tx) = GGiX). 
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By Theorem ll.il one always has the inclusion: 

Exc{X,V) c GG{X,V). 

It is conjectured in [GG80] that if X is a ri dimensional projective manifold of 
general type and V = Tx, then there should exists a large integer k = k{X) such 
that the growth of 

m^dimi70(X,i?,^GT*) 

would have to be maximal, that is asymptotic with to('^+^)"^^. This conjecture was 
proven in |GG80| for projective surfaces and therein supported in all dimension by 
an Euler characteristic computation. It was then established in the special case of 
smooth projective hypersurfaces of general type in jMerlOj and was finally proven 
in full generality only very recently by J. -P. Demailly in jDemllj by means of his 
holomorphic Morse inequalities combined with a delicate "probabilistic" curvature 
estimate. In particular, if X is a projective manifold of general type and A ^ X 
an ample line bundle, then there always exists large integers fc, to > such that 
H°{X, Ejf';^T^(g)A~^) ^ {0} and indeed this space is very big. It is thus legitimate 
to ask if much more is true, namely that if X is a projective manifold of general 
type, then the Green-Griffiths locus is always a proper subvariety of X, i.e. 

GG(X) C X. 

An affirmative answer to this would lead directly to the solution of the so-called 
Grecn-Griffiths-Lang conjecture. One could even speculate more and ask whether 
Exc(X) ~ GG{X). About this, let us quote S. Lang from his paper |Lan86j . page 
200: 

"In particular, the exceptional set [...] is contained in the Green- Griffiths set [...]. I 
asked Green- Griffiths whether they might be equal. Green told me that the two sets 
are not equal in general. Gertain Hilbert modular surfaces constructed by Shavel 
\Sha7&l , compact quotients of the product of the upper half plane with itself, provide 
a counterexample which is hyperbolic, but such that the Green- Griffiths set is the 
whole variety. Thus the jet construction appears insufficient so far to characterize 
the exceptional set [...] completely algebraically." 

In [Lan86j there are no more details about that, nor in the subsequent literature 
as far as we know. Here, we take the opportunity to give a detailed account of the 
above fact by proving indeed a quite more general result. 

Let W be a coherent analytic sheaf on a complex manifold X and m > be an 
integer. We shall denote by W['"l the double dual of the m-th tensor power W®'" 
of W. 

Theorem 1.3. Let {X, V) be a complex projective directed manifold. Suppose that 
there exists a saturated coherent analytic sub sheaf W C OxiV) such that for all 
ample line bundle A X one has 

(W*)l™l®A-i) = 0, Vto>1. 

Then, GGiX,V) = X. 

Observe that we do not require any Frobenius integrability property for W. Now, 
since a saturated subsheaf of a locally free sheaf is reflexive and since a reflexive 
rank one sheaf on a smooth complex manifold is invertible, in the special case of 
rank one subsheaves we have the following. 

Corollary 1.4. Let [X,V) be a complex projective directed manifold endowed with 
a rank one saturated coherent analytic subsheaf Ox{L) C OxiV), where L X is 
a holomorphic line bundle. Suppose that L* is not big. Then, GG{X,V) = X. 
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This last corollary can be rephrased by saying that if there exists on X a holo- 
morphic (possibly singular) foliation 3^ by curves tangent to V whose canonical 
bundle ~ L* is not big, then GG{X, V) = X. 

Proof. It is an immediate consequence of Kodaira's lemma: a line bundle F ^ X 
is big if and only if for all ample line bundle A ^ X there exists an integer A; > 
such that 

H°{X,F®'' (»A-^) ^ {0}. 

Thus, since (Ox(i)*)[™i ^ OxiL*)'^"', if L* is not big then OxiL) satisfies the 
requirements of Theorem 11.31 and we are done. □ 

Using Corollary 11.41 we obtain: 

Theorem 1.5. Let X be a compact free quotient of the n-dimensional polydisc by 
a subgroup o/Aut(A)". Then, 

• X is of general type 

• the exceptional locus Exc(X) is empty 

• the Green- Griffiths locus GG{X) is the whole manifold. 

In the crucial case of surfaces, a similar kind of conclusions was already known 
to M. McQuillan from a completely foliated point of view, as he kindly pointed out 
to us. For precise statements and considerations we refer the reader to the web 
page |McQ12| and, in particular, to Items 10, 12 and 13 on that page. 

Coming back to Theorem 11.51 the first two points of are immediate thanks to 
the following remarks. 

Remark 1.6 (For details, see }Mok89j l. Since A" is a bounded homogeneous domain, 
we have that its Bergman metric is Aut(A")-invariant and also Kahler- Einstein 
(with negative Ricci curvature). In particular, it descends to a Kahler-Einstein 
metric with negative Ricci curvature on every smooth quotient X of A". Thus, 
the canonical bundle Kx of X is positive and in particular X is projective and of 
general type. 

Remark 1.7. If X is a complex space whose universal cover is a bounded domain 
in C", then every entire curve must be constant by Liouville's theorem. Hence, the 
exceptional locus Exc(X) is empty. 

The third point will be discussed in Section [31 As a consequence of Theorem 
11.51 we recover Green's counterexample and show as well that in order to get the 
same conclusion it is indeed sufficient to consider any compact free quotient of the 
n-dimensional polydisc by a subgroup acting diagonally. For instance, a product of 
compact hyperbolic Ricmann surfaces will do. 
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2. Proof of Theorem 11.31 

Let us start by recalling some basic facts from |Dem97j about jet differentials in 
the general framework of directed manifolds (for more details see the cited refer- 
ences). 

So, let {X, V) be a directed manifold, that is a complex manifold X together with 
a holomorphic subbundle V C Tx, non necessarily integrable, of the holomorphic 
tangent bundle Tx of X. We call J^V the bundle of fc-jets of holomorphic curves 
(p: (C, 0) X which arc tangent to V, that is f'{t) € Vi^(t) for all t, together 
with the projection ip t-^> (p(0) onto X. It is a holomorphic fiber bundle, which 
is naturally a subbundle of the bundle JkTx of fc-jets of holomorphic curves with 
values in X with no further restrictions. Moreover, there is a canonically defined 
fiber-wise C*-action on JkV given by the reparametrization of a fc-jet tangent to 
V by the homotheties corresponding to elements of C*. Of course, this action is 
compatible with restriction to smaller subbundles. 

Let X he the holomorphic vector bundle over X whose fibers are 

complex valued polynomials on the fibers of JkV of weighted degree m with respect 
to the above-defined C*-action. liWdVc Tx are holomorphic subbundles, the 
inclusions 

JkW c JkV C JkTx 

induce surjective arrows 

so that EggW* can be regarded as a quotient of E^gV* , the quotient map being 
given by evaluating jet differentials tangent to V only on fc-jets tangent to W. 

Remark 2.1. In particular, we see that if every global section of E^gW* vanishes 
at some point jk G JkW C JkV, then so every global section of E^gV* does. 

Now, considering the highest monomials (with respect to the reverse lexico- 
graphic order) gives a natural filtration on weighted homogeneous polynomials. 
Such filtration defines an intrinsic filtration on the bundles E^gV* , whose graded 
series are given by 

GT'E^gV*= S'^'V* (X) ■ ■ ■ S^^V* . 

Ii+2l2^ Vktk=m 

Therefore, it follows that if for all fc-tuple of non negative integers (^i, . . . , tk) such 
that li + 2^2 + • • ■ + fc^fe = TO, we have 

H^{X,S^^V* ®---®S^'V*)=Q, 

then 

H\X,E'i^V*) = 0, 

as well. 

Before entering into the proof of Theorem 11.31 let us show as promised that the 
locus GGa{X, V) is independent of the ample line bundle A ^ X. 

Lemma 2.2. The set GGa{X, V) does not depend on the ample line bundle A — > 
X. 

Proof. Let A,B ^ X two ample line bundles and £ > be a positive integer such 
that B®^ <S) A~^ is globally generated. We shall show that 

GGa{X,V) c GGb^X^V), 

and the equality will follow by interchanging the roles of A and B. 

Let X ^ GGb(X,V). Then, there exist integers fc,TO > 0, a global section 
P e H"{X, EggV* «) B-1) and a fc-jet of holomorphic curve (pk : (C, 0) {X, x) 
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tangent to V such that P{tpk) ^ 0. Let a e H^{X, B®'^ ® A^^) be a global section 
such that a[x) ^ 0. Then, 

and 

sothat X ^GGa{X,V). □ 



Proof of Theorem \1.3[ Let us first suppose that W = Ox{W) is the sheaf of germs 
of holomorphic sections of a holomorphic subbundle W C V. Let A ^ X he any 
ample line bundle and fc,TO > be two integers. For all fc-tuple of non-negative 
integers {£i, . . . , £k) such that £i + 2(2 + • • • + k£k ~ m we have 

S'^'W* (g) ■ ■ ■ (E) S'^'-W* ® A-^ c (14/^*)®!'^! A'^, 

where \e\ =J2^j- Thus, 

S'^'^M^* (g) • • • (g) S'^'^H^* ® A-i) = 

and, since taking the tensor product of Ek.mW* with A~^ affects the corresponding 
graded bundle just tensoring by A~^, we have 

H°{X,E^gW* (g)A^^) = 0. 

Moreover, we have of course surjective morphisms 

E^^gV* <E> A-' ^ Eg^ZW* ® A-\ 

Therefore, by Remark 1 2. 11 in such a situation every global jet differential tangent to 
V of order k and weighted degree m with values in A~^ must vanish when evaluated 
on /e-jets which are tangent to W. Since at each point x e X we have such jets, it 
follows that GG{X, V) = X. 

Now, take W as in the hypotheses. Since W is saturated, Ox{V)/W is torsion- 
free and thus locally free in codimension two. In other words, there exists a proper 
subvariety Y C X, codimx Y > 2, and a holomorphic vector bundle 

W ■.= X\Y 

on the dense open subset U such that Ou{W) c^W\u and W is actually a subbundle 
of the restriction V\u of V to U. Of course, over U, we also have W*\u ~ Ou{W*). 
Since (W*)!'^" is reflexive by definition and thus normal, we have a surjection 

H°{X, (W*)[l^ll ® A-i) ^ H°{U, (W*)[l'^ll ® A-^) = H°{U, (g A'^), 

so that H"{U, {W*)^\'^\ g) A-i) = {0}. From 

^^W* g) • ■ • ® S^"W* (g A-^\u C (W'*)®!^! A-V, 

we conclude that 

if"(C/, Gr* S^^M^* ® A-i) = {0} 

and thus i/0(C/, E^^^W*®A-^) = {0}. Then, since each section ofH°{U, E^gV*® 
A-i) extends to a' section of H"{X, E^^^V* (g A"!), we have U C GG'(X, i/) and 
since GG{X, V) is a closed set, then GG{X, V)^X. □ 
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3. Compact quotients of the polydisc: proof of Thoerem 11.51 

Let X be a eomplex projective manifold as in the statement of Theorem 11.51 
Thus, X = A'Vr, where 

7ri(X) = r c PSL(2,K)" = Aut(A) x • • • x Aut(A) 

" V ' 

n times 

is co-compact and acts freely and properly discontinuously on A" . By the so-called 
Density Lemma |Rag72[ Cor. (5.21) and Thm.(5.22), p. 86] the following dichotomy 
holds: either at least one among the n projections 

pr- F PSL(2,M), i = l,...,n, 

of r to the i-th factor of PSL(2,R)" has dense image, or X is up to finite Galois 
covers a product of compact hyperbolic Riemann surfaces, i.e. there is a normal 
subgroup Fq < F of finite index in F such that A"/Fo is a product of compact 
hyperbolic Riemann surfaces. We first treat the latter case. 

Since F as well as Fg act diagonally, after possibly a reordering of the factors, 
the situation is the following 

• • • X C„ Tcix...xc,. - ©Li ^^Tc, 

X Tx ^ ®ti 

where pi : A" — > A and : Ci x • • ■ x C„ — )• Ci, i — 1, . . . , n, are the projections 
onto the i-th factor, and we have compatible isomorphisms 

'^2l^i - QiTci, 7r*ii ~ TT^ g*Tci ~p*Ta, i = l,...,n. 

Since tt2 is a finite ctale cover, the Kodaira-Iitaka dimension n{L*) is the same of 
k{t:2L*) = K(q*T^.) ~ 1. In particular, any of the Li provides a holomorphic line 
subbundle of Tx whose dual is not big, as soon as n > 2. Corollarv 11.41 is thus 
verified in this case. 

Next, we fix once and for all a co-compact subgroup F C PSL(2, M)" acting freely 
and properly discontinuously on A", and such that the projection 

F^PSL(2,R) 

onto, say, the first factor has dense image Fi. Call z e A the complex coordinate 
of the first factor and w = {wi, . . . , w„_i) G A"^^ the complex coordinates of the 
last n — 1 factors. We begin with a preliminary lemma. 

Lemma 3.1 (Compare with jSB95p . Letrj = f{z,w) (dz)®™ be a symmetric differ- 
ential of degree m on Az x A^~^. Suppose that rj is T-invariant. Then, rj vanishes 
identically. 

This lemma should be regarded as a consequence of the following classical result 
for automorphic forms. Let F C PSL(2,R)" be an irreducible discrete subgroup 
with compact quotient A"/F, and / a F-automorphic form of weight 2r, r = 
(ri,...,r„) £ Z". If ri ■ • ■ r„ = 0, then / must vanish identically (for this and 
related statements see for instance |Fre90] ). Again by the Density Lemma, if for 
instance F is irreducible, then the image of F under any projection onto the factors 
will have dense image, so that any such irreducible F satisfies our hypotheses. 

We shall come back about the existence of groups F as above in a moment. 
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Proof. Consider the smooth real function given by taking the Poincare norm of rj: 

iz,w)^\f{z,w)\il-\z\y\ 

This is a F-invariant smooth function, thus defined on the compact quotient X = 
A"/r. Let p £ X he a point where this function attains its maximum and consider 
the discrete set of points u'(j))}jgj € A x A""-'^ which are in the preimage 

of p by the quotient map. For each j S J, the holomorphic map defined on the 
polydisc {z(j)} X A.^ by 

w ^ f{Z(j),w) 

attains a maximum at the interior point Wj-j) and so it is constant. So, all the 
WA-derivatives vanish: 

df /dwx{z(^j),w) = 0, for all j e J, A = 1, . . . , n - 1, and w G A"~^ 

By the density of Fi, the set {2;(j)}jgj is dense in A, so df /dw\ = 0, A = 1, • . • , ri— 1, 
and / does not depend on w. Therefore t] does only depend on z and can thus be 
regarded as a symmetric differential of degree m on A^, invariant by the action 
of Fi on Aut(A2) which has, once again by hypothesis, dense image. But then, 
77 = 0. □ 

Now, consider the projective n-dimensional complex manifold X = A"/r: it is 
canonically polarized and Kobayashi-hyperbolic. 

The holomorphic foliation by discs 3^ on A" generated by d/dz descends to a 
smooth foliation by curves 3^ on X . Consider its tangent bundle Tg^: it is a rank one 
holomorphic subbundle of the tangent bundle Tx of X. The tangent bundle of the 
foliation will play the role of our line bundle L in the statement of the Corollarv ll.4l 
In particular, we will see in a moment that its dual, the canonical bundle Kg^ = 
of 5" has negative Kodaira-Iitaka dimension. 

Proposition 3.2 (Compare for instance with |Bru04j ). The canonical bundle 
of 3^ has negative Kodaira-Iitaka dimension. 

Proof We have to show that H°{X,K''f) = {0} for all integers £ > 0. The latter 
space of global sections identifies canonically with the space of F-invariant global 
holomorphic sections of K®^ over A". Since ? is generated by d/dz, these sec- 
tions are exactly of the form considered in Lemma 13.11 and therefore they vanish 
identically. □ 

Now, let us spend a few words about the existence of co-compact subgroups F C 
PSL(2,R)" acting freely and properly discontinuously on A" with dense projection 
onto the first factor, which is however quite classical. 

First of all, observe that it is enough to consider the case n = 2. Indeed, once 
such a subgroup F' of PSL(2, M)^ has been constructed, then we can take F to be 

F = F'x^i(Ci)x...x^i(C„_2), 

where 7ri(Cj), j ~ 1, . . . , n — 2, is the fundamental group of a compact Riemann 
surface of genus g{Cj) > 2. The resulting quotient manifold will be then 

5 X Ci X ••• X C„_2, 5 = AVr', 

and the image Fi of the projection of F onto the first factor equals the projection 
F']^ of F', which is dense. Of course, less trivial examples (i.e. which do not split as 
a product even after finite etale covers) can be constructed as soon as one disposes 
of an irreducible co-compact subgroup of PSL(2,R)" acting freely and properly 
discontinuously on A". Coming back to the surface case, such a F' is constructed 
for instance in |Sha78| (see also [Tak90| ). and we give here a sketchy account for 
the sake of completeness. 
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3.1. Construction of F'. Take a quaternion algebra A which is division and whose 
center is a totally real quadratic number field k (for an excellent reference about 
quaternion algebras and Fuchsian groups see jKat92p . Assume that 

A®qK = M(2,]R)2, 

that is, A is unramified at the two places corresponding to the two different em- 
beddings of k into M. If £) is a maximal order in A, denote by F(l) the group 
of units in S) with reduced norm 1, and identify it with its isomorphic image in 
SL(2,R)2. Next, call F" = F(l)/{±1} the image of F(l) in PSL(2,R)2. Then, it is 
well known that the action of F" on is irreducible and properly discontinuous 
(see |Sha78[[Shi94P : moreover, the fact that A is division classically implies that 
this action is co-compact. 

Now, since the action is co-compact, F" is a group of finite type. By Selberg's the- 
orem, a finitely generated linear group over a field of zero characteristic is virtually 
torsion- free, i.e. it has some finite index subgroup F' which is torsion- free. Thus, F' 
acts freely on A^. Moreover, being of finite index in F", it is straightforward to see 
that it is again irreducible and with a properly discontinuous, co-compact action. 

3.2. Surfaces of general type virith a holomorphic foliation by curves. Let 

5 be a surface of general type and L C Ts a holomorphic line subbundlc, i.e. S is 
endowed with a smooth holomorphic foliation 3^ by curves whose tangent bundle 
Tgr is L. Suppose, as in Corollarv ll.4[ that the canonical bundle Kgr is not big. 

Proposition 3.3. Let {3,3^) be as above. Then, S is a quotient of the bidisc A^. 

Proof. Following |Bru97| , the existence of such a smooth foliation on the surface of 
general type S implies that Ks is ample and so, by Aubin-Yau, S is Kahler-Einstein 
and hence Ts is i^Tg-semistable. The semistability inequality reads 

(1) ci(rj).ci(5) > ici(5)2 >0. 

Since 3^ is smooth, the Baum-Bott formulae give 

C2 (S) - ci (T^) ■ ci (S) + ci (T^)^ - 

ci{S)^ - 2ci(T:?) • ciiS) + ci{T^f = 0. 

If Ts is stable, the first inequality in ((!]) is strict and using the second of Q 
we obtain ci(Tgr)^ > 0. Thus, Tj or its dual K3: must be big. Since, by ([1]), 
ci{K^) ■ ci{Ks) > 0, we get that Kg^ is big, contradiction. 

Therefore. Ts is polystable but not stable, that is Ts = Li (B L2 is a direct sum 
of two line bundles and by Bcauvillc-Yau's uniformization theorem |Bea00[|Yau93| , 
the universal cover S of S splits as a product of simply connected Riemann surfaces, 
the decomposition of the tangent bundle lifts and the fundamental group of S acts 
diagonally on S. Of course, the only possibility for S is to be the product of two 
discs. □ 

It is known by |Lu96| that the surfaces as above satisfy the Green-Griffiths 
conjecture since they verify the Chern numbers inequality ci{S)'^ — 2c2iS) > (to 
see this just inject the difference of the two identities in © into the first inequality 
in ©). ' 

Next, let us put ourself in the most general case covered by Corollarv ll.4l in the 
case of surfaces of general type. So, assume that S* is a smooth projective surface 
of general type and J a (possibly singular, with at most isolated singularities) holo- 
morphic foliation by curves whose canonical bundle ifj is not big. By Saidenberg's 
theorem, we can suppose without loss of generality that 3^ has reduced singularities. 
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Thus, the birational classification of foliations developed by Brunella and Mc- 
Quillan (see |Bru97[[McQ08| and |Bru04p tells us that J is necessarily of the fol- 
lowing two types. 

• A Hilbert modular foliation, and thus is a Hilbert modular surface, if 
KiKsr) = -cxj. 

• An isotrivial fibration of genus > 2, if = 1- 

This gives the "singular" analogous of the Proposition 13.31 Then, for instance, 
Hilbert modular surfaces which are minimal resolution of surfaces with cusps give 
examples of surfaces S with ci(S')^ < 2c2{S) such that GG{S) ~ S. 

Finally, what if is big? Here is a natural question which was asked to us by 
M. McQuillan in a private communication. 

Question 3.4. Let S be a surface admitting a holomorphic foliation by curve 3^ with 
canonical singularities. Suppose that K-j is big. Is it then true that GG{S, Ty) C. S? 
If moreover S is of general type, what can be said about GG{S) in this case? 

4. Corollary 11.41 for Demailly-Semple jets 

In this section we would like to give a somehow more geometric proof of Corollary 
11.41 in the case of invariant jet differentials, even if this case is of course included 
in what is proved above. For the sake of simplicity we shall assume that L C Tx 
is a holomorphic line subbundle and not just an injection of sheaves. Invariant jet 
differentials were introduced in [Dem97j as a refined version of Green- Griffiths' ones: 
they are constructed taking invariant holomorphic functions on the fc-jet space by 
a larger group, namely the full group of fc-jets of biholomorphisms of (C, 0), instead 
of merely homotheties. The vector bundle Ek^mV* X of invariant jet differential 
of order k and weighted degree m acting on germs of holomorphic curves tangent 
to C Tx can be obtained as a direct image of an invertible sheaf on a tower of 
projective spaces, as follows. 

Start with a directed manifold {X, V) and define the new directed manifold 
{X,V) to be 

X = PiV), y = ^r'(Op(y)(-l)) CTp(y), 

where tt: P{V) X is the pro jectivized bundle of lines of and Op(y)(—l) C Tr*V 
the tautological line bundle of P{V). Now, set (Po(^),^o) = {^^V) and define 
inductively 

{Pkiv),Vk) - ipZAV),v^i) 

together with the total projection 7ro,fc : Pk{V) X. The functoriality of this 
construction shows that if {Y, W) C {X, V) is a directed submanifold (i.e. Y is 
a smooth submanifold of X, possibly the whole X, and W C Ty C Tx\y is a 
holomorphic subbundle of V|y), then for all positive integers k we have 

PkiW)cPkiV), WkCVk\p,iw) and Op,.(y)(-l)|p,(w) = Op,(w)(-l), 

and moreover the projection maps are of course compatible. 

If ip: (C,0) — >■ X is a germ of holomorphic curve tangent to V then we can 
define a projectivized lifting ip^^ : (C, 0) — > Pk{V). Such a lifting is tangent to 14 
and satisfies TTQ.fe o ip^^ ~ ip. 

It turns out that for any positive integer m there is an isomorphism of sheaves 

(7ro,fe)*0p,(v^)(m) ~ Ox{Ek.^V*). 

By Theorem II. 1[ for any positive line bundle A ^ X and for all positive integers 
k,m, we have that 

/[fc](C) C Bs(Op,(^)(m) ® <,^-i). 
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whenever / : C — !■ X is an entire curve tangent to V (here, Bs(») stands for base 
locus of a hue bundle). 

With this is mind, we define the Demailly-Semple locus DS{X, V) to be 

DS{X,V) = DSa{X,V), 

where 

DSAiX,V) = fl TTo.fc I fl Bs(0p,(,.)(m)®7r*,A-i) j . 

fc>l \m.>l / 

The fact that DSa (X, V) is independent of the ample line bundle A ^ X can be 
shown in the same way as in Lemma l2.2l The relation 

Exc(X, V) c GG{X, V) C DS{X, V) 

is immediate from definitions and Theorcm ll.il We do not know wether GG{X, V) = 
DS{X,V), for instance, under the natural hypothesis that det y* is big. 

Proof of Corollary \1.4\ for Demailly-Semple jets. Fix any ample line bundle A — >■ 
X. We shall construct for each integer fc > a smooth manifold Xk C Pk{V) 
which projects biholomorphically onto X via no^k and such that for all integers 
m > we have 

Xfe cBs(0p,(y)(m)®<fev4-i). 

The starting datum is a directed manifold {X, V) together with a rank one holo- 
morphic subbundle L C V C Tx such that k{L^^) < dimX. Wc define Xk to 
be 

Xk -.^ Pk{L) C Pk{V). 
Since at each step we are always projectivizing a rank one vector bundle, all Xk 
are isomorphic to the starting X, the isomorphism being given by the projections 
TTQ^k- Moreover, since as we have seen 

Op.(y)(-l)|p.(L) = Op,(i)(-l) 

and. on the other hand, 

Op,(i)(-l)^7r*,L^L, 

we deduce that the restriction of Opj.(y)(m) (g) ttq f^A^^ to Xk = Pk{L) has no non- 
zero holomorphic sections for all positive integers m by Kodaira's lemma, being 
isomorphic to L~^™-(E}A~^. But then, it follows that the base locus of 0p^(y)(TO)(8) 
tTq i^A~^ must necessarily contain Xk, and we are done. □ 

5. Final remarks on the Green-Griffiths-Lang conjecture 

The final step for the solution of the Grecn-Griffiths-Lang conjecture using only 
jet bundles requires to show that at least one of the base loci 

Bk := fl Bs(Op,(v)(m) C Pk{V) 

m>l 

projects down to a proper algebraic subvariety Yk := T^o,k[Bk) in X. These fines 
show that, unfortunately, this is hopeless without any further assumption on X 
besides that of being of general type. 

Nevertheless, one could think of a less demanding property, namely that for 
all irreducible subvarieties Z C Pk{V) such that TrQ,k{Z) = X, the restriction 
Op,(v)(l)|z is big. 

This is exactly what is proved in a theorem of Lu and Yau [LY90| for order 
one jets, for X a surface of general type with ci{X)^ — 2c2{X) > 0, achieving 
thus the proof of the Green-Griffiths-Lang conjecture in this case. But we can not 
expect even this less demanding property to be true in general since we have seen 
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in the previous section that there exist projective manifolds X of general type such 
that for each k > there is a smooth submanifold Zk C Pk{V) which projects 
biliolomorphically onto X via TTg./t and such that for all integers m > we have 

Xfe C Bs(Op,(y)(m) ® 7ro*feA-i). 

Thus, we see that Lu and Yau's result is sharp and that cf (X) = 2 C2(X) is somehow 
a threshold for projective surfaces of general type as far as the solution to the 
Green-Grifhths-Lang conjecture using only base locus of sections of fc-jet bundles 
is concerned. 

On the other hand, McQuillan's celebrated work on surfaces |McQ98| shows that 
the conjecture is true whenever the second Segre number — C2 of the surface is 
positive (this being the case for the compact free quotients of the bidisc thanks 
to the Hirzebruch proportionality principle, see }Hir58j ). Observe that his proof 
relics upon a combination of the theories of jet differentials and that of foliations: 
jet differentials of order one (the existence of which is assured by the assumption 
on the Segre number) produce (multi) foliations such that every entire curve must 
be tangent to. The algebraic degeneracy is then obtained in this situation as a 
consequence of deep results about parabolic leaves of holomorphic foliations on 
surfaces of general type rather than trying to control the Green- GrifBths locus 
(which, a posteriori would not give the desired result, also in view of what is 
described in these lines). 
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